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METHODS  OF  SOLUTION  Ii:  GAME  THLORY 
Drrsh*r,  Th*  RAfD  Corporation 


F-L03 
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Consider  the  two -person  zero-sur..  g<'usef  with  a  finite  number  of  strategies, 
described  b/  the  p&jroff  matrix  A  ■  ||^ij||  represents  the  payment  to 

player  I  If  he  chooses  strategy  1>1,  2,  m  and  player  II  cnooses  strategy 

J  ■  1,  2,  ***,  n.  Let  the  colvsui  matrices  X,  T  rer>i^sent  nixed  strategies  of 
player  I  and  II  respectively,  v^er^  t.M-  components  x^,  y^  of  the  respective 
nstrlces  are  the  frequencies  of  the  c''rrespondln£  strategies.  Then  there  exists 
a  pair  of  mixed  strategies  I*,  T*  such  that 

#•  •  e 

min  X  A!  •  max  X  AT  *  v* 

T  X 


where  X*  Is  the  transpose  of  X.  X*,  T*  Is  said  to  be  a  solution  of  the  game 

having  a  value,  v.  ^ 

e  e  a  •  « 

If  there  axlsta  a  solution  X  ,  T  such  th^t  AT  -  vl  and  AX  •  vl,  where  1 
Is  the  column  matrix  all  -hose  components  are  Jilty,  then  X*,  T*  Is  a  si|g£^ 

of  the  game,  A  r.ecess;  /  and  sufficient  condition  that  a  ^rtme  described 
by  a  square,  non-singular  matrix  A  have  a  simple  solution  is  that  all  the  components 

of 


1  (A  >  ^1 


jlLl. 

i'a“^i 


be  non-negative.  Thus,  if  a  game  h^ia  r.  simple  solution,  it  is  readily  obtained. 
If  a  gasM  does  not  have  a  simple  solution.  It  can  nevertheless  be  solved  by 
examining  square  sufamatrlces  for  simple  solutions.  Every  solution  of  a  game  A  is 
a  convax  llnsar  combination  of  a  finite  number  of  basic  eolutlont  every  basic 
solution  Is  derived  from  a  slJBpls  solution  of  some  square  non-slng'uar  suboatrlx 
of  A,  Thus  to  obtain  all  basic  solutions  ws  need  to  examine  each  square  non- 
singular  subsutrlx  of  A  for  a  simple  solution.  Having  obtained  a  simple  solution 


cf  t..e  MUinHtri.x,  ve  Irtrsiucs  zt-rc  ccp.;.or.ent.5  for  t".  o  r* ;'.Al:.inr  .ird  fclu.'r_‘i 

of  ti.C  test  Mi.fcti.cr  tnt*  full  vector*  X,  Y  solve  i.c,,  K.‘'.ct>:cr 

r* 

•3-oc  ^  a..  ,y .  -  ^  i»,  ,x  , 

i  Ik  --  -  j  ^ 

n_ 

If  i,  Y  solves  A  then  it  is  a  solution  of  A  .nr*  v  lue  of  tho  ^s-;o  io  a*Jc  a, 

i  W  “ 

It  is  fre^'wcntl^  pussible  to  reoact  ti.c  sisc-  of  tl.o  £.«se  c^trlx  b^'  oiaplo 
ooair.&nce  cenoidcrations.  If  a  tom  is  ienir.\t»ji  ty  scr.s  other  row  cr  t/  *oae  cor.vi-n 
linear  coxolnaticn  ef  rov.u,  tr.on  the  ionin'^ted  :*cw  mu;'  be  clisinatei  free  the  ruivrix. 
If  a  roe  doalrietec  soae  convex  lincnr  coatinotion  of  ot!  jr  rows,  ti;en  so&c  one  of 
th«a  stty  be  ellminatei.  iiralarly,  wo  -ay  elialaato  ccl’tj^.4.  In  general,  reJvcti  *n 
ty  dooin:;nc4  aay  lore  90r;e  oclutiorj.  Kov/ever,  ro  .uv'Ml.  r  t;-  rtrict  dociir.  >nce  rotuint 
sU  solutions • 

If  a  Ci-xe  iotrix  is  n  x  1,  it  can  be  9olve^.  ic  all;’  in  Vwo  'Itacnsior;:.. 

Isi.n^  tri  v.  ..  :cor1i:tttos,  .’a  crx  so^ve  rvn  j  x  >  su.trix  y.r''phicully,  olao  i-' 


t’wo  it 


If  the  i^  Js.Q  -.atrL'C  it.  very  larje  it.  iz  possible  to  solve  it  by  an 


It.  ive  procc-s  wnich  rr  ..Ir...’:  otaly  .--ditiion  ar.1  the  lcc<.tior.  of  nn.-rirua  nni  x'.nin-..'*  - 

> 

,h  t‘  ‘.e  r.cuhvd  oh^w-'.;  fer  c  .c  .  i*li.;vr  a  str  .ao.y  v;liict.  is  hrst  e^.'.iru  t  the 
o,.po;.cnt*  .  -ctura  cunul&t-j-  to  d _ _ 

The  solutio:;  of  h./lrij  a  c..:«tinau.-.  cf  !.•?  very  difficult  'X.d 

teihoda  exist  cr.'-/  for  w  few  tp«.Ti?-l  cl  .cser.  of  f't’ittions.  If  tnc  pa^’Off, 

M(x,  is  co.'.cir'iou*  r-v»  cor.vc.\  ir.  /  for  p'.r.  k,  tj.l..  t'.e  vrluo  of  the  is 

t 

V  -  :al'  taax  '.l(x,  y).  flv/er  II  .h.-£  yvrt  ..trr.tc^icu  cr.  .art  totir.'u.  -  ever;'  y  which, 
sir.iitizea  ttix  Mix,  y).  *  has  o:iit.«l  ?t -.itoyies  which  are  jener.'.lly  - 

X 

they  noko  uss  ali  X  s'tw:.  that  M(X,  Y)  •*  v,  w?  rre  Y  in  ••j;;-  pure  stratery  whlali  ia 
o,  tlunl  for  pl-iye”  II. 

If  the  f'.i'off  K's,  y;  *3  A  : ol;T.or.ial  in  enc',  v-.r!...!'.  thv.t  it  in  yossibln  to 
i-'*'  'j  tl.r  sol-v  ton  .jf  vlie  problcc.  to  the  roiutto.-.  of  C'*’*t'.in  eystes:s  Of 

-  li.no-^r  i..  sore  c.ases,  laon-ll  r  in  the  : 'uu 


